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Charged	  parPcles	  	  
(Newton-‐Lorentz)	  

EM	  fields	  (Maxwell)	  
	  
	  
	  

	  
	  

PIC	  is	  the	  method	  of	  choice	  for	  simula-ons	  of	  plasmas	  and	  beams	  
- first	  principles	  à	  includes	  nonlinear,	  3D,	  kine-c	  effects,	  
- scales	  well	  to	  >100k	  CPUs	  and	  burns	  tens	  of	  millions	  of	  hours	  on	  U.S.	  supercomputers.	  	  

Usual	  FDTD	  field	  solver	  scales	  well	  but	  impose	  serious	  limits	  on	  	  
- -me	  step,	  accuracy,	  stability,	  etc.	  
	  

Spectral	  solvers	  do	  not	  scale	  well	  but	  offer	  	  
- higher	  accuracy	  and	  stability,	  	  
- eventually	  no	  -me	  step	  limit	  (i.e.	  no	  Courant	  condi-on	  on	  field	  push).	  

Par-cle-‐In-‐Cell	  (PIC)	  

Par-cle-‐In-‐Cell	  method	  is	  ubiquitous	  for	  kine-c	  
modeling	  of	  space	  and	  laboratory	  plasmas	  



Analy-c	  spectral	  solver	  for	  Maxwell’s	  equa-ons	  

In	  the	  early	  70s,	  it	  was	  shown	  by	  Haber	  et	  al1	  that	  an	  exact	  soluPon	  exists	  for	  
Maxwell	  in	  Fourier	  space	  if	  source	  J	  assumed	  constant	  over	  Pme	  step:	  

“Pseudo-‐Spectral	  Analy-cal	  Time-‐Domain”	  or	  PSATD	  
	  
	  
	  
	  
	  
	  

	  
§ Note:	  taking	  first	  terms	  of	  Taylor	  expansion	  of	  C	  and	  S	  leads	  to	  pseudo-‐spectral	  formulaPon:	  

“Pseudo-‐Spectral	  Time-‐Domain”	  or	  PSTD2	  
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Due to global communications associated with the use of Fast Fourier Transforms (FFTs) that span the entire domain,
pseudo-spectral electromagnetic solvers have not scaled beyond a few thousands of cores. In contrast, the FDTD solvers al-
low parallelization requiring only local communications between neighboring subdomains, and thus excellent scaling to
hundreds of thousand of CPU cores.

In this communication, we report on a domain decomposition method that enables parallelization of pseudo-spectral
solvers and requires only local FFTs and communications between neighboring subdomains. This is similar to FDTD decom-
position, potentially allowing more accurate pseudo-spectral methods to be scaled to the same level as FDTD. Although this
decomposition requires a small approximation, as discussed below, test results show that the error introduced is sufficiently
small in practice for the cases that have been tested.

We first present several variations of pseudo-spectral solvers, followed by the new method for domain decomposition,
and its application to pseudo-spectral PIC simulations. An example of the application of the method is given on the modeling
of the wakefield formation in a laser plasma accelerator [8].

2. Pseudo-spectral electromagnetic solvers

Maxwell’s equations in Fourier space are given by

@~E
@t
¼ ick" ~B#~J; ð1Þ

@~B
@t
¼ #ick" ~E; ð2Þ

ik & ~E ¼ ~q; ð3Þ

ik & ~B ¼ 0; ð4Þ

where ~a is the Fourier Transform of the quantity a. Provided that the continuity equation @~q=@t þ ik &~J ¼ 0 is satisfied, then
the last two equations will automatically be satisfied at any time if satisfied initially and do not need to be explicitly
integrated.

Decomposing the electric field and current between longitudinal and transverse components
~E ¼ ~EL þ ~ET ¼ k̂ðk̂ & ~EÞ # k̂" k̂" ~E and ~J ¼ ~JL þ~JT ¼ k̂ðk̂ &~JÞ # k̂" k̂"~J gives

@~ET

@t
¼ ick" ~B#~JT; ð5Þ

@~EL

@t
¼ #~JL; ð6Þ

@~B
@t
¼ #ick" ~E; ð7Þ

ik & ~E ¼ ~q; ð8Þ
ik & ~B ¼ 0; ð9Þ

with k̂ ¼ k=k.
If the electromagnetic fields within a region are represented by an orthogonal-mode expansion, the fields can be ad-

vanced analytically for an interval Dt by adding the contributions of the source terms to each of the modes integrated over
that interval [9]. For a discretized system on a regular cartesian grid, if the sources are assumed to be constant over the inter-
val, a Fourier decomposition can be used to analytically advance the transverse components of the fields [7] (a detailed der-
ivation is given in appendix):

~Enþ1
T ¼ C~En

T þ iSk̂" ~Bn # S
kc

~Jnþ1=2
T ; ð10Þ

~Bnþ1 ¼ C~Bn # iSk̂" ~En þ i
1# C

kc
k̂"~Jnþ1=2; ð11Þ

with C ¼ cos kcDtð Þ and S ¼ sin kcDtð Þ.
Integrating the longitudinal component assuming that JL is constant over one time step, gives

~Enþ1
L ¼ ~En

L # Dt~Jnþ1=2
L ð12Þ

Combining the transverse and longitudinal components, gives

~Enþ1 ¼ C~En þ iSk̂" ~Bn # S
kc

~Jnþ1=2 þ ð1# CÞk̂ðk̂ & ~EnÞ þ k̂ðk̂ &~Jnþ1=2Þ S
kc
# Dt

! "
; ð13Þ

~Bnþ1 ¼ C~Bn # iSk̂" ~En þ i
1# C

kc
k̂"~Jnþ1=2: ð14Þ
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Considering the field generated by the source terms without the self-consistent dynamics of the charged particles, this
algorithm is free of numerical dispersion and is not subject to a Courant condition. Furthermore, this solution is exact for
any time step size subject to the assumption that the current source is constant over that time step. In the remainder of this
paper, this formulation will be referred to as the Pseudo-Spectral Analytical Time-Domain (PSATD) method.

We note that the electric and magnetic field components can also be expressed at staggered times (leapfrog arrange-
ment), leading to an algebraically identical expression that more closely resembles the infinitesimal Maxwell’s equations
(see appendix for details of derivation):

~Enþ1 ¼ ~En þ 2iShk̂# ~Bnþ1=2 $ 2Sh

kc
~Jnþ1=2 þ k̂ðk̂ &~Jnþ1=2Þ 2Sh

kc
$ Dt

! "
; ð15Þ

~Bnþ3=2 ¼ ~Bnþ1=2 $ 2iShk̂# ~Enþ1 þ i
1$ Ch

kc
k̂# ð~Jnþ3=2 $~Jnþ1=2Þ; ð16Þ

with Sh ¼ sin kcDt=2ð Þ and Ch ¼ cos kcDt=2ð Þ.
One interest of the leapfrog PSATD formulation is that, by expanding the coefficients Sh and Ch in Taylor series and keep-

ing the leading terms, it reduces to the standard pseudo-spectral time-domain (PSTD) formulation [10]:

~Enþ1 ¼ ~En þ icDtk# ~Bnþ1=2 $ Dt~Jnþ1=2; ð17Þ
~Bnþ3=2 ¼ ~Bnþ1=2 $ icDtk# ~Enþ1: ð18Þ

The dispersion relation of the PSTD solver is given by sinðxDt
2 Þ ¼

ckDt
2 . In contrast to the PSATD solver, the PSTD solver is subject

to numerical dispersion for a finite time step and to a Courant condition that is given by cDt 6 2=p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
Dx2 þ 1

Dy2 þ 1
Dx2

q
.

The respective properties of the PSATD and PSTD solvers are illustrated and contrasted with the FDTD ‘‘Yee’’ solver in
Fig. 1, showing snapshots of an expanding electromagnetic unit pulse initiated at the center of the domain. The numerical
dispersion from the Yee solver produces unphysical ripples propagating anisotropically at subluminal velocity. The PSTD sol-
ver, on the other hand, produces unphysical ripples propagating isotropically at superluminal velocity, thus excluding
numerical Cherenkov instability with the main beam mode. The PSTD solver offers the additional advantage over the Yee
scheme that it converges to the correct solution when the time step vanishes, i.e. the amount of numerical dispersion is
at its maximum at the Courant time step and reduces for smaller time step values. Conversely, for Yee, the amount of numer-
ical dispersion is at its minimum (and is finite) at the Courant time step. As expected, the PSATD solver does not exhibit
numerical dispersion, producing a sharp isotropic wave front regardless of time step.

3. Parallelization using domain decomposition

In this section, the properties of the Discrete Fourier Transform (DFT), as well as the linearity of Maxwell’s equations and
the finite speed of light are exploited to enable parallelization of electromagnetic pseudo-spectral solvers using local FFTs,
with domain decomposition and communications via guard cells.

The method is based on the three following premises:

1. the properties of DFTs ensure that at any given time step, each electromagnetic field component discretized on a regular
orthogonal grid can be Fourier transformed using local DFTs on an arbitrary set of either contiguous or overlapping sub-
domains (provided that the sums of the components in the overlapping zones are equal to the original data set) and
reconstructed (to machine precision) using local inverse DTFs and summation of the data over the set of subdomains,

2. the linearity of Maxwell’s equations ensures that the fields from each subdomain can be advanced in time independently
and recombined to provide the full solution at the new time step,
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Fig. 1. Snapshots from an expanding electromagnetic unit pulse on a 128 # 128 grid, using: (left) FDTD solver at the Courant limit cDt ¼ Dx=
ffiffiffi
2
p

, (center)
PSTD solver at the Courant limit cDt ¼ Dx

ffiffiffi
2
p

=p, (right) PSATD solver with large time step cDt ¼ 50Dx.
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Due to global communications associated with the use of Fast Fourier Transforms (FFTs) that span the entire domain,
pseudo-spectral electromagnetic solvers have not scaled beyond a few thousands of cores. In contrast, the FDTD solvers al-
low parallelization requiring only local communications between neighboring subdomains, and thus excellent scaling to
hundreds of thousand of CPU cores.

In this communication, we report on a domain decomposition method that enables parallelization of pseudo-spectral
solvers and requires only local FFTs and communications between neighboring subdomains. This is similar to FDTD decom-
position, potentially allowing more accurate pseudo-spectral methods to be scaled to the same level as FDTD. Although this
decomposition requires a small approximation, as discussed below, test results show that the error introduced is sufficiently
small in practice for the cases that have been tested.

We first present several variations of pseudo-spectral solvers, followed by the new method for domain decomposition,
and its application to pseudo-spectral PIC simulations. An example of the application of the method is given on the modeling
of the wakefield formation in a laser plasma accelerator [8].

2. Pseudo-spectral electromagnetic solvers

Maxwell’s equations in Fourier space are given by
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@~B
@t
¼ #ick" ~E; ð2Þ

ik & ~E ¼ ~q; ð3Þ

ik & ~B ¼ 0; ð4Þ

where ~a is the Fourier Transform of the quantity a. Provided that the continuity equation @~q=@t þ ik &~J ¼ 0 is satisfied, then
the last two equations will automatically be satisfied at any time if satisfied initially and do not need to be explicitly
integrated.

Decomposing the electric field and current between longitudinal and transverse components
~E ¼ ~EL þ ~ET ¼ k̂ðk̂ & ~EÞ # k̂" k̂" ~E and ~J ¼ ~JL þ~JT ¼ k̂ðk̂ &~JÞ # k̂" k̂"~J gives
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ik & ~E ¼ ~q; ð8Þ
ik & ~B ¼ 0; ð9Þ

with k̂ ¼ k=k.
If the electromagnetic fields within a region are represented by an orthogonal-mode expansion, the fields can be ad-

vanced analytically for an interval Dt by adding the contributions of the source terms to each of the modes integrated over
that interval [9]. For a discretized system on a regular cartesian grid, if the sources are assumed to be constant over the inter-
val, a Fourier decomposition can be used to analytically advance the transverse components of the fields [7] (a detailed der-
ivation is given in appendix):
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with C ¼ cos kcDtð Þ and S ¼ sin kcDtð Þ.
Integrating the longitudinal component assuming that JL is constant over one time step, gives

~Enþ1
L ¼ ~En

L # Dt~Jnþ1=2
L ð12Þ

Combining the transverse and longitudinal components, gives

~Enþ1 ¼ C~En þ iSk̂" ~Bn # S
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Due to global communications associated with the use of Fast Fourier Transforms (FFTs) that span the entire domain,
pseudo-spectral electromagnetic solvers have not scaled beyond a few thousands of cores. In contrast, the FDTD solvers al-
low parallelization requiring only local communications between neighboring subdomains, and thus excellent scaling to
hundreds of thousand of CPU cores.

In this communication, we report on a domain decomposition method that enables parallelization of pseudo-spectral
solvers and requires only local FFTs and communications between neighboring subdomains. This is similar to FDTD decom-
position, potentially allowing more accurate pseudo-spectral methods to be scaled to the same level as FDTD. Although this
decomposition requires a small approximation, as discussed below, test results show that the error introduced is sufficiently
small in practice for the cases that have been tested.

We first present several variations of pseudo-spectral solvers, followed by the new method for domain decomposition,
and its application to pseudo-spectral PIC simulations. An example of the application of the method is given on the modeling
of the wakefield formation in a laser plasma accelerator [8].

2. Pseudo-spectral electromagnetic solvers

Maxwell’s equations in Fourier space are given by
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where ~a is the Fourier Transform of the quantity a. Provided that the continuity equation @~q=@t þ ik &~J ¼ 0 is satisfied, then
the last two equations will automatically be satisfied at any time if satisfied initially and do not need to be explicitly
integrated.

Decomposing the electric field and current between longitudinal and transverse components
~E ¼ ~EL þ ~ET ¼ k̂ðk̂ & ~EÞ # k̂" k̂" ~E and ~J ¼ ~JL þ~JT ¼ k̂ðk̂ &~JÞ # k̂" k̂"~J gives
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with k̂ ¼ k=k.
If the electromagnetic fields within a region are represented by an orthogonal-mode expansion, the fields can be ad-

vanced analytically for an interval Dt by adding the contributions of the source terms to each of the modes integrated over
that interval [9]. For a discretized system on a regular cartesian grid, if the sources are assumed to be constant over the inter-
val, a Fourier decomposition can be used to analytically advance the transverse components of the fields [7] (a detailed der-
ivation is given in appendix):
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Considering the field generated by the source terms without the self-consistent dynamics of the charged particles, this
algorithm is free of numerical dispersion and is not subject to a Courant condition. Furthermore, this solution is exact for
any time step size subject to the assumption that the current source is constant over that time step. In the remainder of this
paper, this formulation will be referred to as the Pseudo-Spectral Analytical Time-Domain (PSATD) method.

We note that the electric and magnetic field components can also be expressed at staggered times (leapfrog arrange-
ment), leading to an algebraically identical expression that more closely resembles the infinitesimal Maxwell’s equations
(see appendix for details of derivation):

~Enþ1 ¼ ~En þ 2iShk̂# ~Bnþ1=2 $ 2Sh

kc
~Jnþ1=2 þ k̂ðk̂ &~Jnþ1=2Þ 2Sh

kc
$ Dt

! "
; ð15Þ

~Bnþ3=2 ¼ ~Bnþ1=2 $ 2iShk̂# ~Enþ1 þ i
1$ Ch

kc
k̂# ð~Jnþ3=2 $~Jnþ1=2Þ; ð16Þ

with Sh ¼ sin kcDt=2ð Þ and Ch ¼ cos kcDt=2ð Þ.
One interest of the leapfrog PSATD formulation is that, by expanding the coefficients Sh and Ch in Taylor series and keep-

ing the leading terms, it reduces to the standard pseudo-spectral time-domain (PSTD) formulation [10]:

~Enþ1 ¼ ~En þ icDtk# ~Bnþ1=2 $ Dt~Jnþ1=2; ð17Þ
~Bnþ3=2 ¼ ~Bnþ1=2 $ icDtk# ~Enþ1: ð18Þ

The dispersion relation of the PSTD solver is given by sinðxDt
2 Þ ¼

ckDt
2 . In contrast to the PSATD solver, the PSTD solver is subject

to numerical dispersion for a finite time step and to a Courant condition that is given by cDt 6 2=p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
Dx2 þ 1

Dy2 þ 1
Dx2

q
.

The respective properties of the PSATD and PSTD solvers are illustrated and contrasted with the FDTD ‘‘Yee’’ solver in
Fig. 1, showing snapshots of an expanding electromagnetic unit pulse initiated at the center of the domain. The numerical
dispersion from the Yee solver produces unphysical ripples propagating anisotropically at subluminal velocity. The PSTD sol-
ver, on the other hand, produces unphysical ripples propagating isotropically at superluminal velocity, thus excluding
numerical Cherenkov instability with the main beam mode. The PSTD solver offers the additional advantage over the Yee
scheme that it converges to the correct solution when the time step vanishes, i.e. the amount of numerical dispersion is
at its maximum at the Courant time step and reduces for smaller time step values. Conversely, for Yee, the amount of numer-
ical dispersion is at its minimum (and is finite) at the Courant time step. As expected, the PSATD solver does not exhibit
numerical dispersion, producing a sharp isotropic wave front regardless of time step.

3. Parallelization using domain decomposition

In this section, the properties of the Discrete Fourier Transform (DFT), as well as the linearity of Maxwell’s equations and
the finite speed of light are exploited to enable parallelization of electromagnetic pseudo-spectral solvers using local FFTs,
with domain decomposition and communications via guard cells.

The method is based on the three following premises:

1. the properties of DFTs ensure that at any given time step, each electromagnetic field component discretized on a regular
orthogonal grid can be Fourier transformed using local DFTs on an arbitrary set of either contiguous or overlapping sub-
domains (provided that the sums of the components in the overlapping zones are equal to the original data set) and
reconstructed (to machine precision) using local inverse DTFs and summation of the data over the set of subdomains,

2. the linearity of Maxwell’s equations ensures that the fields from each subdomain can be advanced in time independently
and recombined to provide the full solution at the new time step,
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Fig. 1. Snapshots from an expanding electromagnetic unit pulse on a 128 # 128 grid, using: (left) FDTD solver at the Courant limit cDt ¼ Dx=
ffiffiffi
2
p

, (center)
PSTD solver at the Courant limit cDt ¼ Dx

ffiffiffi
2
p

=p, (right) PSATD solver with large time step cDt ¼ 50Dx.
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Considering the field generated by the source terms without the self-consistent dynamics of the charged particles, this
algorithm is free of numerical dispersion and is not subject to a Courant condition. Furthermore, this solution is exact for
any time step size subject to the assumption that the current source is constant over that time step. In the remainder of this
paper, this formulation will be referred to as the Pseudo-Spectral Analytical Time-Domain (PSATD) method.

We note that the electric and magnetic field components can also be expressed at staggered times (leapfrog arrange-
ment), leading to an algebraically identical expression that more closely resembles the infinitesimal Maxwell’s equations
(see appendix for details of derivation):
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with Sh ¼ sin kcDt=2ð Þ and Ch ¼ cos kcDt=2ð Þ.
One interest of the leapfrog PSATD formulation is that, by expanding the coefficients Sh and Ch in Taylor series and keep-

ing the leading terms, it reduces to the standard pseudo-spectral time-domain (PSTD) formulation [10]:

~Enþ1 ¼ ~En þ icDtk# ~Bnþ1=2 $ Dt~Jnþ1=2; ð17Þ
~Bnþ3=2 ¼ ~Bnþ1=2 $ icDtk# ~Enþ1: ð18Þ

The dispersion relation of the PSTD solver is given by sinðxDt
2 Þ ¼

ckDt
2 . In contrast to the PSATD solver, the PSTD solver is subject

to numerical dispersion for a finite time step and to a Courant condition that is given by cDt 6 2=p
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The respective properties of the PSATD and PSTD solvers are illustrated and contrasted with the FDTD ‘‘Yee’’ solver in
Fig. 1, showing snapshots of an expanding electromagnetic unit pulse initiated at the center of the domain. The numerical
dispersion from the Yee solver produces unphysical ripples propagating anisotropically at subluminal velocity. The PSTD sol-
ver, on the other hand, produces unphysical ripples propagating isotropically at superluminal velocity, thus excluding
numerical Cherenkov instability with the main beam mode. The PSTD solver offers the additional advantage over the Yee
scheme that it converges to the correct solution when the time step vanishes, i.e. the amount of numerical dispersion is
at its maximum at the Courant time step and reduces for smaller time step values. Conversely, for Yee, the amount of numer-
ical dispersion is at its minimum (and is finite) at the Courant time step. As expected, the PSATD solver does not exhibit
numerical dispersion, producing a sharp isotropic wave front regardless of time step.
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Considering the field generated by the source terms without the self-consistent dynamics of the charged particles, this
algorithm is free of numerical dispersion and is not subject to a Courant condition. Furthermore, this solution is exact for
any time step size subject to the assumption that the current source is constant over that time step. In the remainder of this
paper, this formulation will be referred to as the Pseudo-Spectral Analytical Time-Domain (PSATD) method.

We note that the electric and magnetic field components can also be expressed at staggered times (leapfrog arrange-
ment), leading to an algebraically identical expression that more closely resembles the infinitesimal Maxwell’s equations
(see appendix for details of derivation):

~Enþ1 ¼ ~En þ 2iShk̂# ~Bnþ1=2 $ 2Sh

kc
~Jnþ1=2 þ k̂ðk̂ &~Jnþ1=2Þ 2Sh
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! "
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~Bnþ3=2 ¼ ~Bnþ1=2 $ 2iShk̂# ~Enþ1 þ i
1$ Ch

kc
k̂# ð~Jnþ3=2 $~Jnþ1=2Þ; ð16Þ

with Sh ¼ sin kcDt=2ð Þ and Ch ¼ cos kcDt=2ð Þ.
One interest of the leapfrog PSATD formulation is that, by expanding the coefficients Sh and Ch in Taylor series and keep-

ing the leading terms, it reduces to the standard pseudo-spectral time-domain (PSTD) formulation [10]:
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The dispersion relation of the PSTD solver is given by sinðxDt
2 Þ ¼

ckDt
2 . In contrast to the PSATD solver, the PSTD solver is subject

to numerical dispersion for a finite time step and to a Courant condition that is given by cDt 6 2=p
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.

The respective properties of the PSATD and PSTD solvers are illustrated and contrasted with the FDTD ‘‘Yee’’ solver in
Fig. 1, showing snapshots of an expanding electromagnetic unit pulse initiated at the center of the domain. The numerical
dispersion from the Yee solver produces unphysical ripples propagating anisotropically at subluminal velocity. The PSTD sol-
ver, on the other hand, produces unphysical ripples propagating isotropically at superluminal velocity, thus excluding
numerical Cherenkov instability with the main beam mode. The PSTD solver offers the additional advantage over the Yee
scheme that it converges to the correct solution when the time step vanishes, i.e. the amount of numerical dispersion is
at its maximum at the Courant time step and reduces for smaller time step values. Conversely, for Yee, the amount of numer-
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PSATD-‐PIC	  

Improved	  phase	  space	  accuracy	  

correct	  behavior	  

0."
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spurious	  heaPng	  
è	  ArPficial	  trapping	  

FDTD-‐PIC	  

New	  scheme	  successfully	  applied	  to	  modeling	  of	  	  
laser	  plasma	  accelerators	  with	  Warp1	  

Lab	  frame	  

Improved	  stability	  

instability	  

PSATD-‐PIC	  FDTD-‐PIC	  

Lorentz	  boosted	  frame	  (wake)	  

Short	  laser	  propagates	  into	  long	  plasma	  channel,	  
electron	  beam	  accelerated	  in	  wake.	  

Warp-‐3D	  

Warp-‐3D	  

Warp-‐2D	  

Warp-‐2D	  

Modeling	  in	  a	  boosted	  frame	  reduces	  #	  Pme	  steps2.	  
Plasma	  drihing	  near	  C	  may	  lead	  to	  Num.	  Cherenkov.	  

1A.	  Friedman,	  et	  al.,	  PPPS	  2013,	  paper	  4A-‐3,	  Tuesday	  6/18/2013,	  17:00	  Grand	  Ballroom	  B	  “Birdsall	  Memorial	  Session”	  
2J.-‐L.	  Vay	  Phys.	  Rev.	  Le=.	  98,	  130405	  (2007);	  3B.	  B.	  Godfrey	  J.	  Comput.	  Phys.	  15	  (1974)	  	   14	  



Theory	  extended	  to	  3-‐D	  by	  Godfrey	  confirms	  
improved	  stability*	  	  

•  Numerical	  energy	  growth	  in	  3	  cm,	  γ=13	  LPA	  segment	  
•  FDTD-‐CK	  simulaPon	  results	  included	  for	  comparison	  

*B.	  B.	  Godfrey,	  et	  al.,	  PPPS	  2013,	  paper	  4A-‐6,	  Tuesday	  6/18/2013,	  17:00	  Grand	  Ballroom	  B	  “Birdsall	  Memorial	  Session”	  
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Broader	  range	  of	  applica-ons	  

•  ElectromagnePc	  MHD/Vlasov	  
•  Heat	  equaPon	  	  

	   	   	  	  

•  Diffusion	  equaPon	  
•  Vlasov	  equaPon	  
•  General	  relaPvity	  
•  Schrödinger	  equaPon	  
•  any	  iniPal	  value	  problem(?)	  

1	  domain	   9	  domains	  

T=0	   T=25Δt	   T=0	   T=25Δt	  
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Errors	  appear	  lower	  than	  standard	  PIC	  
e.g.,	  smoothing,	  guards	  cells	  are	  effecPve	  

Challenge	  
	  	  	  	  -‐-‐	  novel	  method	  makes	  a	  small	  approxima-on	  
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Mix	  global	  with	  new	  local	  exchanges	  	  
reduces	  further	  impact	  of	  approximaPon	  
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npassSmoothing	  (bilinear,	  #	  passes)	  

Δw/w0	  

RelaPve	  error	  

spectral	  

standard	  

4	  guard	  cells	  

8	  guard	  cells	  

16	  guard	  cells	  Typical	  PIC	  

Test	  unit	  pulse	  	  
•  	  grid	  126×126	  
•  T=200Δx/(cΔt)	  
•  //	  runs:	  3	  CPUs	  

17	  
Future	  direc-ons:	  error	  accumula-ons	  and	  mi-ga-ons	  will	  be	  studied	  in	  detail.	  



Summary	  

§  Analy-c	  spectral	  solver	  (PSATD)	  offers	  higher	  accuracy,	  stability	  &	  larger	  Δt	  

§  New	  method	  uses	  finite	  speed	  of	  light	  to	  allow	  use	  of	  local	  FFTs	  
-  enables	  scaling	  of	  FDTD	  with	  accuracy	  and	  stability	  of	  spectral	  

§  Prototype	  implemented	  in	  2-‐D	  in	  Warp	  

§  Successfully	  tested	  on	  small	  unit	  pulse	  and	  laser	  plasma	  accelera-on	  runs	  

§  May	  be	  applicable	  to	  other	  ini-al	  value	  problems	  

§  Small	  approxima-on	  could	  be	  an	  issue	  &	  further	  tes-ngs	  are	  underway	  
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